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ABSTRACT 


For  periodic  input  u(t),  a  time  i  i  pi  t  m  nt  at  i  on  c(t)  fo;  tin 
clipper  is  obtained  such  that  the  output  \(t)  =  c(t)  u(t).  Tin 
Fouiiei  coefficients  o'  y(t)  are  obtain**!  in  t  (  nns  of  tin  Finn  i  <  r 
cue  f  f  i  c  i  t  nt  s  of  both  c  (t  )  ami  u(t).  Fct  light  >  lipping,  tin  Fouri*r 
c  iv  f  f  i  c  i  t  nt  s  of  v  (t  )  equal  the  F  ur  i  i  i  vi  •  ifi«.  i.nt  oi  u  ( t )  plus 
a  small  correction  factoi  of  the  ordei  ti  tin  pit  i  •  nt  of  t  i  rm  the 
signal  exceeds  clipping  limits.  An  exai  t  expression  for  the  correc¬ 
tion  factor  is  obtained  which  may  requit*  numerical  solutions.  Some 
algorithms  for  obtaining  numerical  solutions  are  discussed. 
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I.  INTRODUCTION 


A  singlt  side-band  amplitude  modulate  I  signal  lias  tin  desiiabh 
properly  of  requiting  .1  transmission  bandwidth  no  giealei  t  lian  that 
of  tin  mnil'i'  0  or  information  bib..u.,  uowi  vei  ,  im  mmiui.it  id 
signal  may  contain  signal  peaks  which  wi  1  t  not  present  in  tin  modula¬ 
tion  signal.  These  induced  peaks  can  im  1  1  ase  tlu  ratio  of  peak  to 
average  signal  powt  r  ,  thereby  imposing  im  1  e  siveri  demands  of  limaritv 
on  tlu  transmitt  er . 

In  practice,  singlt  side-band  amplitude  modulated  signals 
occasionally  exceed  the  linear  range  either  inadvertently  or  deliberatelv 
it  a  certain  amount  of  distortion  can  hi  tolerated.  To  assess:  the 
magnitude  of  this  distortion,  this  papei  considers  an  asymmetrical 
clipping,  where  tlu  modulated  signal  is  unchanged  between  levels 
and  and  clipped  at  >  0,  <  0.  In  general,  since  it  is 

desirable  to  transmit  the  modulated  signal  without  excessive  distor¬ 
tion,  tlu  degree  of  clipping  must  be  small. 

Clipping  as  an  example  of  nonlineai  processing  lias  been  discussed 
extensively  in  the  literature.  ’  '  Clipping  reduces  the  peak  iuitoi 
of  tlu  modulated  signal  and  increases  tlu  bandwidth  of  tin  signal 

Tlu  original  modulatid  signal  bandwidth  must  be  restored  bv  filtering. 

(I) 

Pnvious  analytic  treatment  of  tin  elhcts  of  the  clipper 
considered  tin  action  of  the  clipper  in  tin  form 

y(0  -  p(u(0) 

wlurc  y  ( t )  is  the  output  and  P  is  the  nonlinear  transformation  on 

tin  input  signal  u(t).  The  nonlinear  transformation  is  approximated  by 
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m 

P(u(0)  -  )  akru(t )]K 

k“0 

eg,  a  polynomial  expansion  of  the  input  where  m  is  chosen  so  a 

sufficientl  good  approxim.it  i  on  is  obtained.  This  leads  to  extremely 

cumbersome  computational  requirements  for  even  moderately  small  m. 

k 

In  this  paper,  u(t)  is  restricted  to  peri  die  signals,  and  a 
time  representation  c(t)  for  the  clipper  is  obtained  such  that 

Y  (t )  -  c(t)u(t) 

The  Fourier  coefficients  of  y(t)  are  obtained  in  terms  of  the  Fourier 
coefficients  of  both  c(t)  and  u(t).  It  is  shown  that  for  light 
clipping,  the  Fourier  coefficients  of  y(t)  equal  the  Fourier  coeffi¬ 
cients  of  u(t)  plus  a  small  correction  of  the  order  of  the  per  cent 
of  the  time  the  signal  u(t)  exceeds  the  clipping  limits.  It  is 
believed  that  the  computations  required  to  obtain  these  corrections 
are  gt eat  ly  simplified  as  compared  to  existing  analytical  techniques. 
Very  accurate  estimates  of  the  Fourier  coefficients  are  obtainable 
without  requiring  intractable  high-order  expansion. 


•k 

The  Fourier  coefficients  of  the  assumed  periodic  signal  y(t) 
can  be  approximations  to  the  Fourier  transform  of  u(t)  if  u(t)  is 
not  strictly  periodic. 
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II,  TIME  FUNCTION  RLPRLSI-.NTATION  OF  A  CLIPPING  FUNCTION 

Li  t  11(1)  bi  thf  input  to  a  clipper  and  y  ( t )  tlu  output  signal 
It  is  assumed  that  u(t)  is  periodic  with  period  T  =  f  .  The  clipper 
characteristics  are  shown  in  Fig.  1. 


K 


K, 


Fig.l — Ideal  clipper  characteristics 

That  is 


y(0  -  u(t) , 

K1 * 

u(t) 

5  K2 

■  Ke 

when 

u(t) 

‘  KI  ’ 

0 

V 

*  '< 

(0 

■  K2  ’ 

when 

u(t) 

^  ^  f 

K,,  >  0 

Rigions  can  be  defined  on  the  time  axis  R  such  that 
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t  e  R,  u(t)  >  K2 

t  e  R  j  u(t)  <;  K1  (2) 

t  e  R()  K1  £  u(t)  £  K 2 

Tin  clipper  action  can  bi  characterized  by  the  following  time  function 

Y  (0  -  u(t)  •  c  (t)  (  5) 

who  r  c 

c(t)  -  1,  t  e  Rq 
K! 

c(0  "  Tiay  •  1  E  Ri  (A) 

c(t)  -  K 2 / u(t)  t  e  R2 

It  is  seen  that  u(t)  periodic  with  period  T  implies  that  c(t)  is 
also  periodic  with  period  T. 
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III.  FOURIER  SERIES  REPRESENTATION 


Assuming  that  u(t)  lias  a  Fourier  series  rept  *  sent  at  ion 


4*  or 


u(t)  =  ’  c  einiL0t 


(5) 


where 


t~FT 


'n  *  T  J  u(l)  ,.'lnu,0t  ,u  ,  -  2n/T 


Since  c(t)  is  periodic  with  period  T,  a  Fourier  series  expansion 
exists  as  0  5  c(t)  u  1,  and  the  Fourier  m  tics  expansion  of  u(t) 
has  been  assumed  to  exist.  Then  c(t)  may  he  written  as 

+  -TJ 

c(t)  =  ”  d  elmU,0t  (6) 

m 

m=-ec 


An  evaluation  of  the  d  i  ;  presented  lau  r  in  this  section. 

m 

Bv  F.q.  (3),  the  output  y(t)  is  the  product  of  two  periodic- 
functions  (each  of  period  T) ,  The  output  is  therefore  periodic  with 
pi  riod  T  and  has  a  Fourier  series  represi  ntati on  of  the  form  of 
Eq.  (5).  Then 


y(0 


+  30 

f 

l 


CO 


where 


f 

! 


t+T 

-  r 

T  . 


T 


y  (t)  e"lfx0l  dt 


(8) 
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The  coefficients  f  can  be  represented  bv  the  convolution  of  the 

! 

coi'fficicnts  c  and  d  as  follows 
m  m 


HT  +ti'  +«• 


-  r 

T 


d  d  V  dt 

n  m 


(9) 


m*  -  »  m-  -  cc 


The  integral 


-+T 


T  J 


iUUjQt 


0 ,  u  ’ 


u  »  0  i  1,  ±  2,  ... 


(10) 


where 


ij 


1,  i  “  J 


6t j  *  0,  t  j!  j 


(U) 


Therefore 


-Ha 


)  c  d 
/  n  i- n 


n--<» 


+w 

y 

m»-ao 


c  d 
/  -  m  m 


(12) 


The  coefficients  c  are  known,  since  the  input  function  u(t)  is 

m 


known.  It  now  is  required  to  evaluate  the  coefficients  d  of  the 


m 


clipping  function  c(t). 


FOURIER  SERIES  EXPANSION  OF  CLIPPING  FUNCTION 

Using  the  inversion  relationship  shown  in  Eq.  (5) 


-H-T 


m 


l 

T  J 


.  .  -  irajuo  t  , 
c(t)e  0  dt 


(13) 


J. 

T 


e* imujQt  dt  + 


teRr 


1  -imuj0t 

i  : r  e  u  d  t  + 
J  u(t) 

teR^ 


u(t) 


2  dt 


teR, 


1 1 


m 


.  „  K  -  u  (t )  .  . 

,  1  _J _  'lntLn(t^ 

m,0  T  J  u(t) 


teR 


i  r  K,-u(0  , 

°VL'  clt  +  -  I  2u(C)  .  lnU0  dt  (K) 

teR. 


m  ■  0,  t  1 ,  +  2 , 


GENERAL  PROPERTIES  OF  THE  LIMITER  FOURIER  COEFFICIENTS 


Lt  t 


I  1  (m) 


,  ,  K  -  u(t) 

-  r  — - <.'lniv  dt 

T  u(t) 


t  e  R 


(15) 


i  -  K  -  u(t) 

V"0  '  T  J  "icTj - 

teR. 


■'inxV  dt 


(lb) 


Note  first  that 


,  jl 


K,  -  u(t) 


u(t) 


-1  j  -  1,  2 


07) 


so  that 


1 1  j  (m)  |  *->  L(R  )/T 


(18) 


where  L  (R ^ )  ■  length  of  the  regions  R^  . 

Thus,  if  the  limiting  of  u(t)  occurs  over  relatively  few  spikes 


of  narrow  width,  as  shown  in  Fig.  2,  the  change  in  the  coefficients 


c  -  f 
m  m 


T 


Fig. 2  —  Typical  signal  u(t)  versus  t  with  occasional  spikes 


From  Kq. 


where 


Thus  ,  I 
Intervals 


(16) 


dg  “  1  +  I  1  (0)  +  I  2  (0) 


1,(0) 


(t2  '  tl)  +  (t8  *  t7) 


(t4  '  +  (t6  '  tS) 

1  2  (0)  ■  - - - - 


and  I  ^  are  small  corrections  to  unity  if  the  sum  of  the 
«"  -  T  Let  this  condition  be  termed  light  limiting. 
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Similarly 

d  “  1  ,  (n0  +  1  .  (m)  m  /  0  (-’  1 ) 

m  1  J 

cl  ■  1  f  or  light  limiting 

m 

Thus,  hq.  (12)  may  hi  written  as 

4-n 

[f  =  '•  .  +  <-n  I  1  (/  ■  n)  +  I  ^  (f  -  n)  (22) 

na  -  r 

Equation  (22)  then  shows  that  f  =  c  +  small  correction  term  under 

l  2 

light  limiting  conditions. 

CONVERGENCE  OF  CORRECTION  SERIES 

_  2 

It  will  he  shown  that  the  coefficients  d  fall  off  as  (m  ) 

m 

provided  u  '(t)  is  bounded  in  RjUR  ,  so  that  the  summation  in  Eq.  (22) 
would  not  require  too  many  terms  to  obtain  accurate  corrections  to 

V 

U  t 

no  -  o,  t  6  r0 

-  U(t) 

E  ~(D — *  1  €  R1 

K,  -  u(t) 

“  — 7 ,  T - ,  t  £  R 

u(t)  2 

Then 

T+t 

d  ■  “  Y(t)  m  /  0 

m  T  J 

+  T 

A  typical  curve  for  T(t)  and  its  derivative  is  shown  in  Tig.  3. 
Tin.  essential  consideration  is  that  Y'(t)  is  bounded  in  the  interval 
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F  j.  3 — Typical  curve  of  ^(t)  and  its  time  derivative  ^!(t) 
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’ » ,  ~+T^  and  has  jump  discontinuities  at  the  time  points  defining 
t i me  segments  in  k  ,  )  =  1,  2  Since 

f'(t)  -  '1  +  f(  0 '  ,  t  e  RjUR, 

=  °  t  e  Rq 

Tlie  r  e  fore 

u(t)  .  min  r  |K  ’  ,  t  R  j  UR 

1  Y  ( t )  +  1  •  0 

Then  u'(t)  bounded  in  R  UK  implies  Y'(t)  houndi  d  in  RjlTR^  Titus, 

(3) 

using  a  standard  theorem  on  the  order  of  the  Fourier  series,  the 

coefficients  d  <  K/  2  where  K  is  some  number  independent  of  m 
m  m 

Since  the  second  and  higher  derivatives  of  Y(t)  are  not  bounded,  a 

faster  convergence  rate  is  not  implied 

fquation  (14)  is  the  main  result  of  this  paper.  It  is  exact 

and  holds  for  a  very  general  class  of  input  signals;  that  is,  periodic 

signals  of  pc-riod  T,  and  an  ideal  asymmetric  clipper  for  arbitrary 

clipping  levels  ->  0  and  -  K  ^  ~>  0.  Equation  (14)  then  determines 

the  complex  Fourier  coefficients  of  the  output  function  y(t)  without 

having  approximations  introduced.  However,  in  order  to  evaluate 

d  of  Eq  (14)  numerically,  it  is  necessary  to  determine  the  value 
m 

of  the  two  integrals  by  approximate  methods  which  will,  in  turn, 

introduc*  errors  in  d  and  f  .  The  approximations  can  be  made  as 

m  £ 

accurate  as  desired  in  theory  by  using  sophisticated  computational 
methods  to  evaluate  the  integral.  Practically,  the  accuracies  will 
be  limited  bv  the  capacities  of  the  computer. 
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In  tin  append*  c  «  s  ,  a  number  of  approaches  to  computing  th» 
intigials  in  Fq  (16)  an  dinussnl  foi  two-  different  classes  of 
signals  Om  class  is  typical  of  radio  practice  in  that  the  signal 
is  narrow  hand,  it  ,  its  bandwidth  is  much  less  than  any  of  its 
components.  In  this  model  it  is  convenient  to  describe  t he  signal 
in  terms  o f  an  envelope  function  modulating  a  carrier  function.  Tin 
second  class  of  signals  includes  tin-  general  cast  of  a  wide-hand 
signal  having  no  spectral  restraints  Tin  difference  between  the 
two  ma t hema t ica 1 i y  is  that  the  use  of  envelope  functions  \s  of 
limited  utility  for  a  wide-hand  signal  and  so  different  computational 
techniques  are  required  These  are  discussed  in  more  detail  in 
Appendices  B  and  C 
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Appendix  A 

NARROW  SINGLE  SIDE- BAND  TRANSMISSION 


SIGNAL  TYPES 

Signals  in  physical  systems  are  band-limited.  Certain  (.lasses  o  t 
signals  are  defined  with  respect  to  significant  spectral  components. 

A  low-pass  signal  is  one  containing  frequency  components  between  zero 
frequency  and  some  upper  limit  f ^ •  A  band- pass  signal  is  defined  as 
one  whose  significant  frequencies  lie  between  two  frequencies  f}  and 
f2>  where  f  ^  may  be  arbitrarily  S'-va  1 1  but  not  equal  to  zero.  (A 
band-pass  signal  has  no  dc  component.) 

The  band  center  and  bandwidth  of  a  signal  are,  respectively 


f 


d 


f 


1 


A  broad-band  signal  is  a  band-pass  signal  which  satisfies  the  conditi  'n 
that  W  f ^ ,  while  for  a  narrow-band  signal,  W  is  much  less  than  f^. 
Base-band  speech  is  classified  as  a  broad-band  signal. 

The  above  signal  definitions  are  presented  in  Fig.  A. 

fd 


i 

I 


Narrow  -  band 

H 

Broad -band 


Low-  pass 


Frequency 


Fig. 4 — Band-limited  signals 


lfl 


Lit  s(t)  hi*  a  narrow- hand  modulation  signal  In  order  to  transmit 

the  modulation  signal  containing  th«  signal  intelligence,  it  is 

necessary  to  superimpose  the  signal  s(t)  on  a  carrier  function  h(t) 

The  purpose  <' f  the  carrier  function  is  to  transfer  the  intelligence 

spectrum  to  a  frequency  region  more  suitable  for  propagation  The 

(4) 

resulting  signal  appears  as  the  product 

u(t)  -  h(t)  m(s  (t))  (A-  1) 

where  h(t)  is  a  function  representing  the  carrier  and  m  is  the 
modulation  function  representing  an  operation  on  the  modulation 
s i gna  1  s  (t) . 

The  development  of  the  narrow-band  signal  u(t)  may  be  traced 
at  carrier  frequency  x  from  an  initial  low-  or  band-pass  modulating 
signal  s(t)  bv  inspecting  Fig.  5. 

Let  the  information  signal  s(t)  be  periodic  (period  =  2rr/x^) 
and  band- limited  with  bandwidth  W,  where  W  =  Nu.^.  Nu-q  equals  the 
difference  between  the  greatest  ( j  xj)  and  smallest  positive 

significant  frequency  components  of  s(t).  The  carrier  function  is 
exp  (i  x  t)  which  translates  the  spectrum  of  s(t)  by  x  ,  forming 
the  signal  v(t)  In  Fig  5  both  the  positive  and  negative  frequencies 
are  translated,  forming  a  double  side-band  signal  It  is  possible 
to  pass  v(t)  through  an  ideal  band-pass  filter,  for  example,  which 
passes  only  the  upper  (lower)  frequency  components  forming  the  single 
side-band  signal  u(t)  shown  in  Fig  5-d  The  signal  u(t)  is  assumed 
periodic;  this  implies  that  x^ /x^  ■  a/b  where  a  and  b  are  positive 
Integers  Further,  it  is  assumed  that  a  ->  -*  b.  If  b  ■  1,  then  s(t) 
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Fig. 5  —  Magnitude  of  Fourier  coefficients  versus  frequency  for  (a)  modulation 
signal;  (b)  carrier  signal;  (c)  frequency  translated  signal,  double 
sidebands;  and  (d)  frequency  translated  signal,  single  sideband 
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pn iodic  with  period  implies  u(t)  periodic  with  period  Tn  If 
b  1,  then  s(t)  periodic  with  period  implies  u(t)  periodic  with 
period  T  ■  blp  and  x^  ■  2WT. 

In  general,  x  and  x^  are  not  commensurate  and  rhe  signal  u(t) 

will  not  be  periodic.  It  is  clear  the  values  of  a  and  b  can  be 

selected  such  that  x  /x,’  -  a/'b  <  e  in  this  case  for  arbitrary  small 

c  0 

£  .  0  The  Fourier  coefficients  then  become  arbitrarily  close  in 

magnitude  to  the  ordinates  of  the  Fourier  integral  of  u(t)  for 
corresponding  frequencies.  Resulting  operations  on  the  Fourier  co¬ 
efficients  can  then  be  interpreted  as  operations  on  a  sampled  version 
of  the  Fourier  integral  of  u(t).  In  order  to  minimize  the  period 
T^b ,  b  should  be  selected  as  close  to  one  as  possible,  thus  reducing 
the  computations  required  to  find  the  values  of  teR^UR^-  With  this 
understanding  of  the  interpretation  of  noncommensur at e  ratios 

'H  /%'  and  b  1,  it  will  be  assumed  that  a  and  b  have  been  selected 
c  (J 

so  that  negligible  error  occurs  in  using  the  Fourier  series  representa¬ 
tion  as  a  sampled  value  of  the  Fourier  transform  of  u(t)  Thus,  with 
no  loss  of  generality: 

a.  the  signal  u(t)  is  assumed  periodic  with  period  T  ■  2tt/u:q 

b  c  ■  I  c  I  «  0 ,  n^a-f-bl, 

-n  n  1 

n  >  a  +  bj 


Envelopes  and  Analytic  SlgnalB 

Tlu*  envelope  of  a  time  series  has  an  intuitive  meaning  conjectured 
from  elementary  studies  of  signal  modulation.  In  Fig.  6,  it  is  easily 
"recognized"  that  the  dotted  lines  are  the  envelope  function. 
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Fig. 6  —  Modulation  signal  s(t)  superimposed  on  harmonic  carrier 

Thus,  if  the  signal  u(t)  is  represented  by 

u(t)  *  A(1  +  n  cos  jL^t)  c°s  OJ^t 

where  ui  represents  the  carrier  frequency  and  a  frequency  such 
that  >  >  j>q  ,  then  the  envelope  function  is  Am  cos  a^t. 

However,  for  mu  1 1 i c hroma t i c  signals,  the  intuitive  concept  of 
envelope  soon  breaks  down  and  an  envelope  becomes  difficult  to  define. 
Dugundji^^  generalized  Rice's^^  formulation  of  the  envelope  of  a 
mult ichromatic  waveform  u(t)  in  a  manner  which  has  been  found  very 
useful  in  modulation  theory.  His  generalization  will  be  used  in  this 
paper . 

Analytic  Signal 

Given  a  real  valued  function  u(t)  on  •  t  «-  -H^,  its  Hilbert^^ 


transform  u(t)  is  defined  by 
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-  (X> 


(A-6) 


wluri’  tlu  principal  valui  of  tin  integral  is  .llways  used  All 

functions  considered  here  will  be  assumed  to  have  Hilbert  transforms. 

It  is  easily  verified  that  tlu  Hilbert  transform  of 

cos  (lit  +  cp.)  is  sin(jjt  +  .)  (A- 7) 

If  U(f)  ■  i  u(t)  exp  (-  2n  i  f  t)  dt  is  the  Fourier  transform  of 

-  CD 

u(t),  then  the  Fourier  transform  L(f)  of  u(t)  is 

L(f)  -  -i  U(f)  sign  f  (A-8) 

where  sign  z  1  1,  z  >  0 

■  0,  z  *  0  (A- 9) 

-  -1 ,  z  <  0 

Let  u(t)  be  a  real  wave  form ;; t hi  analytic  signal  z(t)  is  defined 
as  the  comp  1  ex- va lue  function 

z(t)  -  u(t)  +  i  u(t)  (A -  10) 

The  envelope  of  u(t)  is  the  magnitude  jz(t)  of  its  pre- envelope. 
Thus,  if  a  signal  u(t)  is  given  by 


u(t) 


cos 


(  au  t  + 
n 


(A- 11) 


forming  the  pre-envelope  of  u(t)  gives 


2  3 


z(t) 


d  lOS  (tL  t  +  >;  )  +  i  sin  (x  t  +  x  ) 

n  n  n  n  n 

n  n 


(A- 12) 


Bo  fort'  proceeding,  tin 
must  ht  modified  for  ; 
The  Fourier  serle 


formulas  for  the  envelope  and 

eriodic  signals, 

f  83 

sv  In  complex  form  of  s  (x)  Is 


pro- cnve lopt 


defined  as 


Tor 

{  1/  V 

s(x)  -  )  c'  v  (A- 13) 

k°-* 


and  the  conjugate  series  obtained  by  replacing  c  'k  by  c^ 


-1  c'  sign  k 

K 


s  (x)  «■  -i  )  c  '  sign  k  e(lkx)  (A- 14) 

for  s  (x)  ,  0  -S  x  2rr ,  x  "  jj^t  . 

The  function  s(x)  is  equivalent  to  the  Hilbert  transform  s  (x) 
which  must  be  used  for  periodic  functions. 

The  transform  relationship  may  hi  expressed  as 


s(x) 


lim  _1  j*  s  (x-fv)  -  s(x-v) 

h-0  n  2  tan  ‘jv 

h 


dv 


(A- 15) 


or  alternately 


s  (x) 


s(x-^v)  -  s(x-v) 
v 


dv 


Dugund j i 


(5) 


establishes  the  following  lemma: 


(A-  16) 
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lit  u(t)  br  a  waveform  having  frequency  spectrum  in  the  hands 
f  -  W  ■.  f  •  f  +  W  Thin  the  square  of  the  cnvi  lope  magnitude 

i  c 

is  frequency  limited  to  f  *-  W  Dugundji  remarks  that  "one  may  not 
conclude  that  tin  envelope  i tsi If  is  band- 1 imi t ed ,  indeed  there  seems 
to  he  no  physical  mason  that  it  should  be  so."  The  band-limited 
property  of  thi  square  magnitudi  of  the  envelope  is  the  basis  for 
the  interest  in  the  envelope  function  z(t)l. 

Clipping  is  performed  on  the  signal  u(t)  oi  F.q  (A-l)  before 
transmission.  The  fine  structure  imposed  on  s(t)  by  the  carrier 
function  h(t)  (see  Fig.  6)  makes  it  much  more  difficult  to  compute 
the  regions  R  and  required  to  evaluate  the  integrals  I  and  I 0 

1  4.  1  4. 

of  F.q.  (14)  It  is  easier  to  determine  the  regions  of  the  envelope 
in  Fig.  b  than  of  each  of  the  individual  cycles  of  the  fine  structure. 
Thus,  by  computing  'z(t)  ",  a  function  of  considerably  less  fine 
structure  can  be  considered. 

The  regions  R^  and  R,  may  be  determined  for  z(t)  ,  as  follows: 
Let  X  3  min  f  K  ^  ,  K ^ } . 

a 

Then  the  region  R  e  z(t) i  "  >  X  can  be  obtained  by  any  one  of  a 

numbe;  of  methods.  For  example 

2 

a.  Plot  z(t)  versus  (t)  and  read  from  the  intersections  of 

i  2  2 

the  curve  z(t)  with  the  line  z  "X 

2  2 

b  Let  z*  ■  x(t)  Compute  z  at  sufficiently  close  intervals 

2 

so  that  every  significant  peak  of  z  is  sampled. 


From  the  sampling  theorum 
2 


it  should  be  sufficient  to 
2  W 


determine  z‘  uniquely  at  each  point,  However,  if,  for  example, 
there  is  no  concern  with  peaks  of  widths  less  than  At,  this  may  be 
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relaxed.  In  this  las  ,  a  sampling  interval  Al/2  would  b<  sufficient 
to  locati  approximat e 1 v  the  regions  o f  significant  peaks. 


Once  the  approximate  location  of  t  ^  ,  for  example,  is  obtained 


by  finding  values  of  t  '  ,  t*  such  that 


X(t')  <  X  e  X(t') 


(A-  17) 


Then,  interpolation  formulas  may  be  used  to  obtain  more  accurate 
values  of  t  ^  ,  eg. 


x  ( t  j  )  -  X 

xa ;) 

dt  1 


d  ' 


X  (t  J  )  -  x(t  J  ) 


ll  -  ll 


(A- 18) 


can  be  solved  iteratively. 

Tlu  degree  of  accuracy  of  t  ^  require  d  is  about  one-fourth  of  a 
cycle  of  the  carrier  frequency  c  .  The  same  consents  on  accuracy 
are  true  for  graphical  solutions. 

c  If  x(t)  is  of  sufficiently  simple  analytic  form,  divide 
x(t)  into  nonincrcasing  and  nondecreasing  sections  In 
each  section  note  if  max  x(t)  X  In  the  sections  satis¬ 
fying  the  last  requirement,  invert  the  function  to  deter¬ 
mine  the  set 


t 


-1,  X 

C  X  (t  ) 


X. 


If  these  operations  can  be  performed  analytically,  then  the  required 
accuracy  is  limited  only  by  the  computational  effort  required  to 
compute  x  (t) 


2(> 


d  1  I  t  !u  i  axima  of  tlo  envelopes  can  hi  determined 

ana  1  v  t  i  c  a  1  1  \  ,  then  umsidei  nhlt  c  ompu t  a  t  i  on  t  f  f  oi  t  can 
hi  aved  hv  mi  tliod  (h)  onlv  in  tin  vicinitv  of  tin  maxima 
exceeding  X  and  at  tin  t  =  0  t  tin  time  of  tin  first 
maxima,  and  from  tin  time  of  tlv  last  maxima  t o  time  T, 

Tin  above  tichniques  will  tlnn  define  the  legions  where  the 

i 

envelope  z(c)  exceeds  X‘.  To  defini  tin  regions  where  tin  trans¬ 
mitted  signal  u(t)  lits  in  tin  regions  R^  and  R,,  tin  following 
procedure  should  bi  undertaken. 

Considering  the  case  of  a  singlt  side-band  amplitude  modulated 

(4) 

signal,  hq  ( A -  1 )  can  hi  written  as 

m(t)  =  s(t)  +  i  s(t)  (A- 1  9) 


z  ( t  )  =  s ( t )  cos 


s ( t )  sin  r  t 


+  i  . s  ( t  )  sin 


+  s  ( t  )  cos  L  t  j 
c 


(A- 20) 


from  wh i c  h  v ( t  ) 


2  .2  -  V 

=  s  ( t  )  +  s  ( t  ) 

=  \s2(t)  +  I2  (t) 


i  >  0 


for  periodic 


If  thi  signal  to  be  recovered  is  s(t)  (s(t)),  then  the 
signal  is  tin  real  (imaginary)  part  of  z(t).  The  real 
can  bi  written  for  periodic  signals  as 


s i gna Is  (A- 2  1 ) 

transmitted 
part  of  z  (t ) 


sin  x  t 
c 


-  1 

tan 


ilLl] 

s  (t  ) 


u(t)  -  z(t) 


(A- 22) 
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The  maxima  of  u  ( t )  occur  in  tlii'  m  i  ghbo  r  hooil  of  t  wher  e  t  is  th« 

n  n 

solution  of  tin1  equations 


a-  t  -  tan*  1  s(t)/s(t)  =  ^4",  n  =  0,  1,2,  -  !r.  K[  ''  K2 


Eq.  (A -  2  3)  can  bt  solved  iteratively  as  follows 


Sc  t 


(2  n+ 1  )  ,  .  -  1 

,  .  ,  ^ - r— ' —  +  tan  s(t  )  /  s  ( t 

( J  1  2  n  n 


(0)  _  (2iH->) 


T  -  Urn  ,(i) 

n  ]  n 


Where  the  values  of  n  art  selected  such  that  t^  c  R,  U  R_.  If 

n  1  2 

z(t)  has  been  programmed  for  a  computer,  then  values  of  s(t)  and 

s(t)  are  easily  available  for  the  iterative  solution  o f  Eq.  (A-24). 

For  graphical  computations,  graphs  of  s(t)  and  s(t)  are  required 

and  Eq.  (A-24)  can  then  be  computed  from  graphical  readings  The 

exact  location  of  the  T  is  not  critical  if  there  are  many  peaks  of 

n 

tht“  fine  structure  of  u(t)  in  a  peak  of  the  envelope  z(t)  as  shown 
in  Fig  7. 

Having  found  the  value  T  f o i  a  specific  spike  in  R.  ,  then 

n  1 

At  ■  —  may  be  added  to  estimati  the  corresponding  maxima  point  for 
n  uu 

c 

the  adjacent  carrier  spike  in  R0  If  the  phase  correction  does  not 

vary  rapidly  over  a  number  of  carrier  spikes,  a  small  correction  can 

be  used  for  subsequent  t  as  follows. 

n 


(A -2  j  1 


(A- 24 ) 


2  9 


I,  r  t  t  bt  t  hi  a  tu  i  s  s.i  of  tin  maxima  point  of  t  hi  Mist  i  a  r 
n 

peak  in  R,  o  f  Fig  7  Then  an  initial  istimate  for  t  ,,  tin  n 
1  n+  1 

lbsit i a  ,  is  given  he 


t 


(0) 

n+t 


J"/ 


L 


pr t>v  i  ill  il 


-SI**, 


i  s  t i ma t  e  s  n  f  t 

n+t 


Tin  iterative  Fq  (A  -  2h)  may  he  used  to  it 


f  VALUAT1 NC  THt  TNTFCRAI.S  I  AND 

1  L 

Assuming  ttiat  tin  sequent  c  of  values  M  ,  z(t  )  in  U 

defining  ttie  position  and  values  of  the  carrier  peaks  has  been 

obtained,  I ^ (m)  and  T  (m)  nay  be  evaluated  as  iollows. 

Assume  that  z(t)  is  essentially  constant  and  equal  to  z 

over  a  tvcle  of  the  carrier  frequency  For  t  e  R, ,  t  can  be 

n  1  n 

in  t h  •  neighborhood  of  (within  one  cycle  of  a  ) 

c 

u  (  t  )  =  7.  (  t  )  COS  (r  (l  -  t  )  ) 

n  c  n 


For  t  e  R . 
n  1 


u(t)  =  iz(t  )  |  cos  (’’  +  +  (t  -  t)). 

n  c  n 


The  solution  to  the  equations 


u ( t  )  =  K, 

n  1 


i  s 


L  n 


J_ 

L 

C 


-  1 


i  i  t  r 

i  x  t 


f  i  n  t 


expr  e  s s  ed 

(A- 25) 

(A- 26) 

(A*  2  7) 


n 


cos 


LV  !*«■„>  I 


(A- 28) 
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L.  t 


■  t 

ii 


* 

t  -  t 

n  n 


(A-  9) 


I  ,  (m)  .H  t'i  e\  pi  i  s  s  id  d1 


+  t  -  »  I 

,n  /-  ( l  )  1  i .  >  s  x  -  -  K 

I  .  On)  “  —  .  (-tm  t  )  - — - - - i  (iiTU,  -)  Jt  (A-  30) 

1  I  On,.  ^  x  0 


t  cR. 
n  1 


(t  )  c  o  s  x 
■  1 t  n  l 

n 


If  thi  Fourier  coefficients  d  of  the  clipping  function  c(t) 

-  2 

drop  off  rapidly  ay  (m  ) ,  only  values  of  m  •  .  x  /x^  are  of  concern. 

There  fore 


.9  -  Arn  z^n)  tos  V  -  K! 

3  1  (m)  *  —  e(-imu.0tn)  - -  dt 


(A-  31) 


t  eR . 
n  1 


0  z  (t  )  cosxt 
n  c 


The  integral  in  F.q.  ( A  -  3 1 )  can  he  evaluated  (Dwight,  Tables  of 
Integrals,  #442. 10) 


I  j  (tn) 


-  2 


-  ^  e('im0‘n) 

f  €«, 

n  J 

J-1,2 


(-  1)  K .  .  1+sin  u  At 

1  1  c  n 

fit  +  - 1  T —  log  — — 7 - "  , 

T1  N  ZjL /  1  ■  sin  X  At 

z  ( t  )  c  r  n 


(A-  12) 


For  light  limiting  x  At  <  «r  1,  thin  to  first  order  in  x  At 
°  c  n  c  n 

F.q  (A  -  3  2)  r  educ  es  to 


I,(m)"T  <,(‘ln*Vn) 


t  e  R 
n  J 


At  |  1  + 
n 


(-DJ  K 


Z(tn) 


J-1,2  (A- 33) 


]  1 

wtu  r  e  K  j  .  0 ,  K  -  0 

Kquatinn  (A -  i  3 )  or  (A-iJ)  iumbineu  with  fq  ( 1  -♦ )  gives  tti 

c  oe  f  f  i  c  i  ent  s  d  nci  essarv  t  o  determin*  th<  corrections  of  the  input 
m 

Fourier  coefficients 


A[>[  i*ii(l  1  x  B 


B  Ri>AD-  BAND  SI  (INALS 


In  t  ti  1  s  append l ■  tin*  'ihhIu  1  a  (  l  on  signal  s  (  1  )  is  t  a  kell  to  be 

b  I  ond  ImiiJ  ,  s  a  V  of  tin*  Older  of  (lie  k  o  t  r  l  e  t  frequency  (see  Fig.  *  )  • 

In  till  1  mst  the  envelope  (mutton  does  not  provide  any  advantages 

s  i  ik  (  its  line  structure  is  as  unnpl  u.itcil  as  the  fine  strut  tore  of 

the  (ran  stu  liter  signal  u(  t  )  .  Fu  r  t  tie  t  ,  beta  <■  of  the  fine  structure 

of  u  (  t  )  ,  ,i  digital  compu t a t  ion  of  u  ( t )  t  dote  mi  me  the  regions 

t  t;  R|  T  R9  may  involve  excessive  t  aluilat  inns. 

Thus,  it  is  expedient  to  use  analog  lomputat  ions  to  obtain  the 

coefficients  d  of  the  limit  time  f  unc  t  ion  c ( t  )  .  Then ,  the  specific 
tn 

Fouriei  components  of  tlu*  output  signal  of  interest  can  he  computed, 
using  Eq .  (It).  In  general,  the  ana  1  og  conip  ut  a  t  ions  a  re  efficient 
in  determining  (he  regions  t  K  l  R  .  When  these  regions  have  been 

1  z 

determined,  the  internals  I.(m)  can  he  determined  either  bv  analog  methods 
or,  if  great  accuracy  is  required,  bv  numerical  me t hods;  i.o.,  by 

nnp  ut  nut  u  (  t  )  in  ,i  fine  me  sli  in  the  region  of  tlu*  peaks  of  u  (  t )  such  that 
t  R .  T  R  and  pe  r  f  o  rm  mg  the  mtr|  nit  unis  of  I  .  (m)  given  by  Eqs  .  (IS.) 

and  (  1  b )  mime r  i c a  1  1  y  . 

Figure  8  presents  a  completely  analog  solut  ion  for  the  Fourier 

coefficients  d  .  The  signal  is  generated  at  some  arbitrary  tune  t, 
m 

taken  to  be*  zero.  The  signal  is  passed  through  two  circuits.  The 

upper  circuit  compares  u,(t)  with  K  If  ,.(  t  j  Kj,  a  gate  permits 

the  difference  (u(t)  -  K ,  )  t  be  transmitted  as  ,i  voltage  versus  t  imt  . 

i 

Another  gate  permits  the  inverse  of  u(t)  to  pass  on  a  separate  channel. 

If  the  test  fails,  no  voltage  is  transmitted  in  either  channel.  The  tw 
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Comparison  Output 


Fig. 8 — Analog  solut.on  for  the  Fourier  coefficients  dm  of  the  limit  function  c  (t) 


14 


chunne.  outputs  .ire  nui  1  t  >  p  1  1 1  d  ami  added  to  a  similar  channel 

based  on  the  test  u(t)  k  .  The  lesult  of  the  addition  is  the 

f  u  in  t  1  on  (  t  )  shown  in  F  l  y  .  S  .  II  u  y  (  t  )  channel  i  s  mill  t  ip  I  l  ed 

-  l  mcL, ,  t 

hv  an  l  np  t  i  haune  I  e  All  times  must  be  s  v  nc  ti  run  l  /.e  d  to 

the  same  o  i  t  g  l  n  .  The  product  is  integrated  and  divided  h\  the  total 

turn  from  /!’io,  The  out  p-  t  oi  the  integrator  sam|  led  at  times  T,  dl  , 

i T  ,  ...  will  In  d  1  . 

m 

This  solution  has  the  advantages  c>  f  speed  and  simplicity  but  is 
limited  m  act  ur. icy  by  the  analog  nature  of  the  calculat  um. 

A  hybrid  ana  1 og - d i g l t a  1  techni<|ue  i shown  in  Fig.  'I.  The 
analog  computer  consists  of  two  channels.  In  the  upper  channel  if 
u(  t  )  -Kj  ,  a  -t  1  is  the  output;  if  u(  t )  ■  K  ^  ,  ze  ro  is  the  output.  The 
square  pulse  corresponding  to  t  -  is  l  her.  fed  into  a  derivative 

circuit  whose  output  is  the  positive  spike  for  the  leading  edge  of 
the  pulse  and  a  negative  spike  for  the  tail  edge  of  the  pulse.  A 
counter  counts  the  number  of  cycles  from  time  zero  to  the  spikes  and 
the  output  is  tin-  set  of  time  intervals  e  .  The  lower  channel 
opperates  in  a  similar  manner.  These  time  intervals  can  he  used  as 
the  input  to  x  digital  program  as  previously  described.  This  hybrid 
technique  has  the  advantage  of  using  the  best  of  both  systems  The 
analog  solution  for  the  interval  (t.,  t.  .  )  t  R^  U  is  obtained  much 
more  quickly  and  easily  than  the  digital  solution  for  these  intervals. 
However,  there  is  no  loss  of  accuracy  since  he  digital  program  can 
interpolate  for  greater  accuracy  and  perform  the  remaining  numerical 


integrations  to  a  very  high  degree  of  precision. 


Fig. 9 — Analog  solution  for  times  t*R,UR 


? 


it, 


ibis  t  *■(.  !in  l  qui-  mav  even  have  ad  van !  apes  in  the  nariow-band  case 

foi  ilctenniiunj'  t  lie  1 ,  >c a !  1  on  s  ot  f  and  t  ,  and  (lun  p  nu  iTii  nif  with 

:•  n 
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